The issue of chiral extrapolations in heavy quarkonium systems is discussed. We show that the light quark mass dependence of the properties of heavy quarkonia is not always suppressed. For quarkonia close to an open flavor threshold, even a nonanalytic chiral extrapolation is needed. Both these nontrivial facts are demonstrated to appear in the decay widths of the hindered M 1 transitions between the first radially excited and ground state P -wave charmonia. The results at a pion mass of about 500 MeV could deviate from the value at the physical pion mass by a factor of two. Our findings show the necessity of performing chiral extrapolations for lattice simulations of heavy quarkonium systems. Furthermore, lattice calculations of these transitions would also provide a definite answer to the role of coupled-channel effects in heavy quarkonium physics due to virtual heavy mesons. PACS numbers: 14.40.Pq, 12.38.Gc, 13.25.Gv Since the discovery of J/ψ, the physics of heavy quarkonium is an important tool for testing QCD. Because both the charm and bottom quark masses are much larger than the nonperturbative scale Λ QCD , heavy quarkonia were well described in the framework of potential models. However, in recent years this simple picture has been shattered, as quite a few charmonium states close to or above the open charm thresholds were discovered, and many of their properties are not expected from the potential models. For a recent comprehensive review, see Ref.
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PACS numbers: 14.40.Pq, 12.38.Gc, 13.25.Gv Since the discovery of J/ψ, the physics of heavy quarkonium is an important tool for testing QCD. Because both the charm and bottom quark masses are much larger than the nonperturbative scale Λ QCD , heavy quarkonia were well described in the framework of potential models. However, in recent years this simple picture has been shattered, as quite a few charmonium states close to or above the open charm thresholds were discovered, and many of their properties are not expected from the potential models. For a recent comprehensive review, see Ref. [1] . The spectrum of heavy quarkonium has been intensively studied using lattice simulations, using the quenched approximation in the early stages and in full QCD in recent years; for example, see Refs. [2] [3] [4] [5] [6] [7] [8] [9] . While most of the calculations focus on the low-lying states, which we refer to as the states below open heavy flavor thresholds, only a few calculations tackle the problem of higher excited states [8] [9] [10] . So far, all calculations of heavy quarkonium in full QCD are performed at light quark masses larger than the physical values, or equivalently with unphysical pion masses. The simulations in Ref. [9] are only performed at a single pion mass M π = 396 MeV. Mixing of charmonia with pairs of open charm states are taken into account in Ref. [8] at three different pion masses ranging from 1 GeV down to 280 MeV, yet no chiral extrapolation to the physical pion mass was performed. In addition to the spectrum, there have also been lattice simulations of the charmonium [11, 12] and bottomonium radiative transitions [13] . The quenched approximation is used in Ref. [11] , and the calculations of Ref. [12] were performed at M π = 485 MeV.
Being bound states of a heavy quark and heavy antiquark, heavy quarkonia do not contain any valence light quark. Thus, one would naively expect that the light quark mass dependence of their properties would be suppressed, so that one can use a simple linear formula in the light quark masses [remember for example that M olation may not be reasonable for higher excited states. The purpose of this Letter is to show that dramatic and even nonanalytic dependences in the light quark masses can arise. Hence, for the excited states that are close to open flavor thresholds, a formula that takes into account the nonanalyticity should be utilized for chiral extrapolation. Furthermore, for radiative transitions with strong coupled-channel effects, simulations at several pion masses are necessary to extract the physical results.
The effects of light quarks in heavy quarkonium systems are due to quantum fluctuations of the sea quarks. Sea quark and antiquark pairs are created and annihilated in the color singlet heavy quarkonium. Low-energy fluctuations can be described in the framework of chiral perturbation theory, which is the standard tool for chiral extrapolations. The quarkonium states can be included as matter fields. Let us focus on the quark mass dependence of the quarkonium mass. Two types of sea quark fluctuations are schematically depicted in Fig. 1 ; type (a) is disconnected and suppressed according to the OkubaZweig-Iizuka rule; type (b) means that the heavy quark (antiquark) and the virtual sea antiquark (quark) can form a color singlet state, a heavy meson (antimeson); i.e. a virtual-heavymeson-antimeson pair is created and annihilated after a short propagation. There are certainly other contributions, such as the doubly Okuba-Zweig-Iizuka suppressed processes that induce mixing of the heavy quarkonium and a light meson. We expect that such contributions are less important, and therearXiv:1203.1116v2 [hep-ph] 9 Jul 2012 fore do not consider them. Type (a) can be parameterized using an effective chiral Lagrangian containing unknown lowenergy constants. The resulting quark mass dependence is analytic in the light quark masses up to chiral logarithms, see Ref. [14] . For instance, denoting the operator annihilating a quarkonium field by ψ, a possible contribution would be proportional to ψ † ψ χ + in the effective chiral Lagrangian. Complexity comes from type (b), which can lead to nonanalyticity as will be shown below. Because the heavy quarkonium states are normally not far from the open flavor thresholds, the open flavor mesons, at least the ground states, do not necessarily decouple in a low-energy effective field theory (EFT) for heavy quarkonium. In particular, the masses of many excited quarkonium states are very close to the thresholds. In that case, one should consider coupled-channel effects due to coupling to the open flavor mesons and antimesons in chiral extrapolation. As an example, let us study P -wave charmonium states. They couple to the pseudoscalar and vector charmed mesons in an S-wave with a coupling constant g. The self-energy due to coupling to the charmed mesons with masses m 1 and m 2 is expressed in terms of the scalar two-point loop function
In the rest frame of the charmonium and taking the nonrelativistic approximation for both propagators, we regularize the divergent loop with a three-momentum cutoff λ
where M denotes the charmonium mass, c = 2µ 12 b 12 with µ ij = m i m j /(m i + m j ) the reduced mass and b 12 = m 1 + m 2 − M . The mass gets renormalized by the real part of the self-energy. Writing out the M π -dependence explicitly, we get
where the factor m 1 m 2 is required for correct normalization, and
is the bare mass. (Note that the mass shift due to the virtual loops is a scale-dependent quantity, as can be seen in Eq. (3), and not a physical observable. For phenomenological studies of the charmed meson loops in the charmonium spectrum, we refer to Refs. [15, 16] .) Both the chiral-limit bare mass [17] , where h 1 is a dimensionless coefficient of order unity. Notice that √ c = 2
where
. Nonanalyticity due to similar effects in the chiral extrapolation was discussed earlier for the ∆-resonance [18, 19] and the pion form factor [20] .
We use h 1 = 0.44 as determined from the SU(3) mass splittings of both the pseudoscalar and vector charmed mesons [21, 22] . The M π -dependence of M − M 0 (λ) for the first radially excited P -wave charmonia is plotted in Fig. 2 (upper) , where λ = 0.63 GeV, corresponding to M − M 0 (λ) = 0 for the h c at the physical pion mass, is used; g 1 is the coupling of the 2P charmonia to the charmed mesons, as defined in [23] , and its dimension is mass −1/2 . Using model values for the masses of χ c0 , χ c1 and h c at the physical pion mass from Ref. [24] , these states are above the coupled thresholds at the physical pion mass. Increasing the pion mass, the charmed meson masses increase, too. One expects the charmonium mass to increase more slowly than the charmed meson thresholds. Therefore, for a charmonium with a mass slightly higher than the open charm threshold at the physical pion mass, the charmonium mass should coincide with the threshold at some larger pion mass. After that, the open charm mesons cannot go on shell, and a cusp shows up because of the end of the unitary cut, as seen in Fig. 2 (upper) ; χ c2 is always below the D * D * threshold, so that there is no cusp in the curve for this state.
For an S-wave charmonium, the nonanalyticity due to coupling to the pseudoscalar and vector charmed mesons is less important, and even invisible. This is because the coupling is in a P -wave. Of course, it can couple to a ground state charmed meson and an orbitally excited state in an S-wave, as considered in Ref. [8] . However, the thresholds are far from the masses of the 1S and 2S charmonia. In this case, the square root in Eq. (5) can be expanded in a polynomial in M 2 π . Hence, the M π -dependence of the quarkonium mass is given by Eq. (4) with redefined
It is instructive to briefly discuss possible hadronic molecules with a binding energy much smaller than the pion mass. In this case, the bound state can be described by an EFT with only contact terms analogous to that for the deuteron; for example, see [25] . Then the pion mass dependence of the mass of the hadronic molecule is dominated by that of the masses of the constituents, as argued in Ref. [26] . So, in the pion mass range where X(3872) is a DD * bound state [27] , the M π -dependence of its mass should be approximately given by that of the threshold, as depicted in Fig. 2 (lower) at O(M 2 π ). We will not calculate the deviation from the threshold due to a small but finite binding energy here, but only point out that a loosely bound state can easily become unbound by varying the interaction strength. It is worth notice that the coupling constant g in Eq. (3), which controls the strength of the cusp in the M π -dependence of the charmonium mass, is also a measure of the hadronic molecular content of a given state [28, 29] . However, it is obvious that a quantitative treatment of the quark mass dependence of a hadronic molecule requires a more refined approach than that given here. For example, see Refs. [30, 31] .
The chiral corrections to the heavy quarkonium mass are always small compared to the mass in the chiral limit. More noticeable is that there exist quantities in heavy quarkonium physics whose pion mass dependence is strong. For these quantities, chiral extrapolation is mandatory. One can imag- ine that in the mass splittings between two heavy quarkonium states, the great bulk of the chiral-limit masses cancels, and the chiral corrections are potentially large. However, as seen in Eq. (4), it is not possible to give a parameter-free prediction for its pion mass dependence even at O(M 2 π ), since d(λ) is scale dependent. A prediction can only be made after fitting the parameters to sufficiently large data. But there are indeed quantities whose quark mass dependence is strong and can be predicted parameter free. A good example is given by the decay widths of the hindered M 1 transitions between the 2P and 1P charmonium states. These transitions are shown to be dominated by coupled-channel effects [32] based on a nonrelativistic effective field theory (NREFT) [23, 33, 34] .
As shown in Ref. [32] , these transitions are dominated by triangle diagrams at the hadronic level, with three intermediate charmed or anticharmed mesons (see Fig. 3 ). The decay amplitude is proportional to the three-point scalar loop function. It is convergent, and the nonrelativistic expression reads as [23, 35] 
where P and q are the momenta of the initial particle and the photon, respectively, b 23 = m 2 + m 3 + q 0 − M with M the mass of the initial particle, N = µ 12 µ 23 / (16πm 1 m 2 m 3 ) ,
and c is as defined below Eq. (2). For small a, one may expand the loop function out
It is then clear that two unitary cuts (see Fig. 3 ) lead to the main contribution of the three-point loop. Corresponding to the two cuts, one may define two velocities of the intermediate mesons. The velocity v used in the NREFT power counting [23] should be understood as the average of these two velocities. Following the discussion around Eq. (5), we can expect cusps in the M π -dependence of the decay widths when the mass of the decaying particle coincides with the coupled threshold. The results for Γ(χ c2 → h c γ) and Γ(h c → χ cJ γ) are shown in Fig. 4 , where we have neglected the M π -dependence of the charmonium masses and used the same model value 3908 MeV for M h c [24] as before.
The cusp in Γ(h c → χ cJ γ) appears at about M π = 300 MeV, the same value as in Fig. 2 for h c . From Fig. 4 , one finds a strong dependence on the pion mass. The value of Γ(h c → χ c0 γ) at a pion mass of 485 MeV, the same value as that used in the lattice simulations for the M 1 transitions between S-wave charmonia [12] , is only about half of that at the physical pion mass. This observation highlights the necessity of chiral extrapolation of lattice simulations for radiative transitions of heavy quarkonia and the necessity of small pion masses in the simulations. Otherwise, the uncertainty due to unphysical pion mass could be very large. Although parameter-free predictions for M 1 transitions between the S-wave heavy quarkonia are not possible, as noted in Ref. [32] , the charmed meson loops are still expected to be crucial [36, 37] . Thus, the pion mass dependence induced by the virtual charmed mesons could introduce a large uncertainty due to the large pion mass used in lattice simulations.
One can further study the strange quark mass dependence, which translates into the dependence onM 2 K = Bm s , where we use the same notation as Ref. [38] . As an example, we plot the simultaneous dependence on M π andM K of Γ(χ c2 → γh c ) and Γ(h c → γχ c0 ) in Fig. 5 , where we used
One clearly sees the nonanalyticity in both the M π andM K dependence of the latter.
In conclusion, we have discussed chiral extrapolations in heavy quarkonium physics, especially for the higher excited states. These states are close to open flavor thresholds. As a result, chiral extrapolation may be nonanalytic. This observation is true for any excited hadron whose mass is in the neighborhood of an S-wave-coupled hadronic threshold. For such a state, we propose to perform the chiral extrapolation of the mass using
, e, and f are parameters to be fit to the lattice data. For states far away from any open flavor threshold, e will be much larger than f M 2 π so that the square root can be expanded, and one may use only the first two terms in the above equation up to O(M 2 π ). Furthermore, we find that light quark mass dependence is not always suppressed for heavy quarkonium systems. As an example, we show that lattice results for the decay widths of the hindered M 1 transitions between P -wave charmonia at a pion mass around 500 MeV can deviate by a factor of 2 from the actual values at the physical pion mass. Simulations of these transitions would also provide a nice test of the NREFT, and would be very useful in identifying the coupled-channel effects, which might be the key to understanding some long-standing puzzles in heavy quarkonium systems. If the resulting pion mass dependences follow our predictions, they would also allow for extraction of the product of coupling constants g 1 g 1 , which cannot be measured directly.
